The purpose of this paper is to study solvability of the second-order nonlinear neutral delay difference equation Δ a n, y a1n , . . . , y arn Δ y n b n y n−τ f n, y f1n , . . . , y fkn c n , ∀n ≥ n 0 . By making use of the Rothe fixed point theorem, Leray-Schauder nonlinear alternative theorem, Krasnoselskill fixed point theorem, and some new techniques, we obtain some sufficient conditions which ensure the existence of uncountably many bounded positive solutions for the above equation. Five nontrivial examples are given to illustrate that the results presented in this paper are more effective than the existing ones in the literature.
Introduction
It is well known that the oscillation, nonoscillation, asymptotic behavior, and existence of solutions for second-order difference equations with delays have been widely studied in many papers over the last 20 years, see, for example, 1-9 and the references cited therein.
Recently, Cheng 5 considered the second-order neutral delay linear difference equation with positive and negative coefficients Li and Yeh 6 established some oscillation criteria of the second-order delay difference equation
Δ a n−1 Δ y n−1 p n−1 y n−1−σ q n f y n−τ 0, ∀n ≥ 1.
1.5
Using the Leray-Schauder nonlinear alternative theorem, Agarwal et al. 1 studied the existence of nonoscillatory solutions for the discrete equation
Δ a n Δ y n py n−τ F n 1, y n 1−σ 0, ∀n ≥ 1 1.6
under the condition |p| / 1. Very recently, Liu et al. 7 utilized the Banach contraction principle to establish the global existence and multiplicity of bounded nonoscillatory solutions for the second-order nonlinear neutral delay difference equation Δ a n Δ y n by n−τ f n, y n−d 1n , y n−d 2n , . . . , y n−d kn c n , ∀n ≥ n 0 .
1.7
Motivated by the results in 1-9 , in this paper, we discuss the solvability of the secondorder nonlinear neutral delay difference equation Δ a n, y a 1n , . . . , y a rn Δ y n b n y n−τ f n, y f 1n , . . . , y f kn c n , ∀n ≥ n 0 , 1.8
where τ, r, k ∈ N, n 0 ∈ N 0 , {b n } n∈N n 0 ∪{c n } n∈N n 0 ⊂ R, a ∈ C N n 0 ×R r , R\{0} , f ∈ C N n 0 ×R k , R , β min n 0 − τ, inf{a dn : d ∈ J r , n ∈ N n 0 }, inf f jn : j ∈ J k , n ∈ N n 0 , Z β n : n ∈ Z with n ≥ β , N n 0 {n : n ∈ N 0 with n ≥ n 0 }, J l {1, . . . , l} for l ∈ {r, k}.
l ∞ β
denotes the Banach space of all bounded sequences y {y n } n∈Z β with the norm y sup
2.3
It is easy to see that V N is a closed convex subset of l 
Main Results
Now we use the Rothe fixed point theorem to show the existence and multiplicity of bounded positive solutions of 1.8 . and {p n } n∈N n 0 satisfying
Then 1.8 has uncountably many bounded positive solutions in B M, N .
First of all, we show that there exists a mapping S L :
, N , which is also a bounded positive solution of 1.8 . It follows from 3.2 and 3.3 that there exists T ≥ max{1, n 0 τ |β|} satisfying as follows: s, y a 1s , . . . , y a rs
for each y {y n } n∈Z β ∈ B M, N . On account of 3.1 , 3.5 , and 3.6 , we conclude that for
which means that 
which together with 3.3 implies that
that is, 1.8 has a bounded positive solution y ∈ B M, N . Next we show that 1.8 has uncountably many bounded positive solutions in 
In order to show that the set of bounded positive solutions of 1.8 is uncountable, it is sufficient to prove that y 1 / y 2 . It follows from 3.1 , 3.18 , and 3.19 that for all n ≥ T *
that is, y 1 / y 2 . This completes the proof. 
Then 1.8 has uncountably many bounded positive solutions.
, N , which is also a bounded positive solution of 1.8 . In view of 3.21 and 3.22 , we choose a sufficiently large integer T ≥ max{1, n 0 τ |β|} such that
Define a mapping
as follows:
3.25
Abstract and Applied Analysis 11 for each y {y n } n∈Z β ∈ B M, N . It follows from 3.1 , 3.24 , and 3.25 that for every s, y a 1s , . . . , y a rs
3.28 
3.37
It follows from 3.21 that there exists
3.38
In order to show that the set of bounded positive solutions of 1. 
3.39
that is, y 1 / y 2 . This completes the proof.
Next we use the Leray-Schauder nonlinear alternative theorem to show the existence and multiplicity of bounded positive solutions of 1.8 . 
Then 1.8 has uncountably many bounded positive solutions in
U M . Proof. Let L ∈ b * M N, 1 − b * M .
Now we prove that there exists a mapping S L : U M →
V N such that it has a fixed point y {y n } n∈Z β ∈ U M , which is also a bounded positive solution of 1.8 . It follows from 3.2 , 3.40 and that there exists a sufficiently large number T ≥ max{1, n 0 τ |β|} satisfying
is enough small and
for each y {y n } n∈Z β ∈ U M , where the mappings S 1L , S 2L :
3.46
It follows from 3.1 , 3.41 , and 3.43 -3.46 that for any y {y n } n∈Z β ∈ U M and n ≥ T s, y a 1s , . . . , y a rs s, y a 1s , . . . , y a rs
is a continuous and relatively compact mapping.
Let y ω {y ω n } n∈Z β ∈ U M and y {y n } n∈Z β ∈ U M with lim ω → ∞ y ω y. By virtue of 3.2 and the continuity of a and f, we infer that there exist y f 1i , . . . , y f − a s, y a 1s , . . . , y a rs a 2 s
3.49
It follows from 3.1 and 3.46 -3.49 that for each ω ≥ T 3 
3.53
which means that S 2L U M is uniformly Cauchy. Thus S 2L U M is relatively compact.
By virtue of 3.41 and 3.45 , we infer that for all x {x n } n∈Z β , y {y n } n∈Z β ∈ U M and n ≥ T
which yields that
that is, S 1L is a contraction mapping in U M . It follows that S L is a continuous and condensing mapping. Put
, n ≥ β and there exists n * ≥ β satisfying y n * N .
3.57
It is easy to see that ∂U M P ∪ Q. Suppose that there exist y {y n } n∈Z β ∈ ∂U M and λ ∈ 0, 1 with
Now we consider two possible cases as follows.
Case 1. Let y ∈ P . Obviously 3.41 , 3.43 -3.46 , 3.56 , and 3.58 guarantee that s, y a 1s , . . . , y a rs
3.59
which implies that
which is a contradiction. s, y a 1s , . . . , y a rs 
for each y {y n } n∈Z β ∈ U M . By virtue of 3.1 , 3.70 , and 3.72 -3.74 , we get that for any s, y a 1s , . . . , y a rs
which gives that S L U M ⊆ V N . The rest of the proof is similar to that of Theorem 3.3 and is omitted. This completes the proof. Now we employ the Krasnoselskii fixed point theorem to prove the existence and multiplicity of bounded positive solutions of 1.8 . 
